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We onsider the lowest Landau level on a torus as a funtion of its irumferene L1. When
L1 → 0, the ground state at general rational lling fration is a rystal with a gapa Tao-Thouless
state. For lling frations ν = p/(2pm+ 1), these states are the limits of Laughlin's or Jain's wave
funtions desribing the gapped quantum Hall states when L1 → ∞. For the half-lled Landau
level, there is a transition to a Fermi sea of non-interating neutral dipoles, or rather to a Luttinger
liquid modiation thereof, at L1 ∼ 5 magneti lengths. This state is a version of the Rezayi-Read
state, and develops ontinuously into the state that is believed to desribe the observed metalli
phase as L1 →∞. Furthermore, the eetive Landau level struture that emerges within the lowest
Landau level follows from the magneti symmetries.
PACS numbers: 73.43.Cd, 71.10.Pm, 75.10.Pq
Laughlin's [1℄ and Jain's [2℄ wave funtions for the
frational quantum Hall states and Jain's radial inter-
pretation of these in terms of non-interating partiles
(omposite fermions) [3℄, whereby the frational quan-
tum Hall eet beomes an integer eet of omposite
fermions in a redued magneti eld have been extremely
suessful. Mean eld theories of the Chern-Simons type,
where the external magneti ux is (partially) anelled
by a smeared statistial ux, have been developed [4℄.
The half-lled Landau level is supposedly mapped onto
free partiles in no magneti eld. The mean eld theory
of this state, due to Halperin, Lee and Read [5℄, predited
a Fermi momentum and a momentum dependene in the
ondutivity that was onrmed by the surfae aous-
ti wave experiments by Willett et al [6℄. Furthermore,
ballisti transport showed partiles moving in agreement
with the omposite fermion predition [7℄. The theory of
the half-lled Landau level was further developed by sev-
eral groups and a desription in terms of neutral dipoles
was proposed [8℄. Exat diagonalization of small sys-
tems not only supports the orretness of Laughlin's and
Jain's wave funtions, but also indiate an emerging Lan-
dau level struture within the lowest Landau level, in the
sense that the low energy states of the interating ele-
tron system resemble the states for free fermions in a
redued magneti eld.
In spite of the spetaular suess of the desription of
the quantum Hall system in terms of omposite fermions,
a sound theoretial foundation for them is, in our opinion,
still laking [9℄. Although they were motivated by the
form of Laughlin's and Jain's wave funtions it has not
been possible to make this onnetion preise.
We reently obtained an exat solution desribing the
interating eletron gas in the half-llled lowest Landau
∗
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level on a thin torus [10℄: The ground state, whih is ho-
mogeneous, is a lled Fermi sea of non-interating neu-
tral dipoles and the exitations are gapless. In this Let-
ter we identify this ground state with the Rezayi-Read
state [11℄ and onlude that the exat solution develops
ontinuously, without a phase transition, into the two-
dimensional bulk state.
For spin-polarized eletrons at a generi lling fra-
tion ν = p/q ≤ 1, we nd that the ground state is a
regular lattie of eletrons determined by eletrostatis
alone when L1 → 0, L1 being the (short) irumferene
of the torus. This rystal has a gapthe lattie is rigid
and there are no phonons. For ν = 1/q this state is
the Tao-Thouless (TT) state [12℄ with one eletron on
every q:th site, and for odd q it develops ontinuously,
remaining the ground state for a short-range interation,
into the Laughlin state as L1 → ∞ [13℄. We all these
gapped rystals TT states for general ν = p/q. The TT
state has, in spite of being spatially inhomogeneous, the
same (magneti) symmetries as the homogeneous Laugh-
lin state, it also has exitations with the same frational
harge. At ν = p/(2pm+1)we nd that the TT states are
the L1 → 0 limits of the Jain states, and the frationally
harged exitations are domain walls separating degener-
ate ground states. We suggest that the gapped quantum
Hall states in general develop ontinuously from the TT
ground states to the bulk states as L1 →∞. However, for
ν = 1/2, we nd a phase transition at L1 ≈ 5.3 magneti
lengths to the gapless system of neutral dipoles, or rather
to a Luttinger liquid modiation thereof, whih then de-
velops ontinuously into the bulk state as L1 →∞. Tran-
sitions from the small L1 TT state to other states may
our as L1 inreases. For example, at ν = 1/q, q odd
and large one expets a transition to a gapless Wigner
rystal [14℄. We onlude that L1 is a parameter of a
ontrolled and systemati expansion around a solvable
asethe thin torus, or equivalently, a short range spin
hain.
We show that the degeneray of the quasipartile states
2at ν = p/(2pm+1), and the eetive Landau level stru-
ture that is observed to emerge in the lowest Landau
level, is a onsequene of the q-fold degeneray of the
states at lling fator ν = p/q [15℄, ie it is a onsequene
of the magneti translation symmetries. We relate this
to the omposite fermion interpretation.
We introdue the one-dimensional model by briey dis-
ussing the lowest Landau level on a torus with lengths
L1, L2 in the x and y-diretions respetively [15, 16℄;
we use units where ~ = c/eB = 1. In Landau gauge,
A = Byxˆ, the magneti translation operators tα, α = 1, 2
that translate an eletron a distane Lα/Ns in the α-
diretion are t1 = e
(L1/Ns)∂x , t2 = e
(L2/Ns)(∂y+ix)
, where
Ns = L1L2/(2pi) is the number of ux quanta through
the surfae. The states ψk = t
k
2ψ0, k = 0, 1, ...Ns − 1,
where ψ0 = pi
−1/4L
−1/2
1
∑
n e
inL2xe−(y+nL2)
2/2
, is a ba-
sis in the lowest Landau level. ψk is loated along
the line y = −2pik/L1 and is a t1 eigenstate, t1ψk =
ei2pik/Nsψk. Letting c
†
k reate an eletron in state ψk,
{ck, c
†
m} = δkm, maps the lowest Landau level onto
a one-dimensional lattie model with lattie onstant
2pi/L1. An N -partile state is haraterized by the
positions {k1, k2, ...kN} of the partiles. The general
translationally invariant two-body Hamiltonian beomes
H =
∑
n
∑
k>m Vkmc
†
n+mc
†
n+kcn+k+mcn, where Vkm =
Vk,−m ≥ 0. Vkm is the amplitude for two eletrons sepa-
rated k −m lattie onstants to hop symmetrially to a
separation k+m lattie onstants. In partiular, Vk0 de-
sribe the eletrostati repulsion (inluding the exhange
interation). For a given real spae interation V (r), the
interation is dominated by the terms with small k,m
as the torus beomes thin (L1 → 0) sine the lattie
onstant 2pi/L1 → ∞. In the two-dimensional limit,
L1 →∞, the range of the interation measured in terms
of lattie onstants goes to innity.
Consider the eletron gas at lling fration ν = p/q,
where p and q are relatively prime integers and the num-
ber of eletrons, Ne = Nsp/q, is an integer. The op-
erators Tα =
∏Ne
i tiα, (tiα translates eletron i) om-
mute with H and, sine TNsα = 1, the eigenvalues are
e2piiKα/Ns ,Kα = 0, ...Ns − 1. {H,T1, T
q
2 } is a maxi-
mally ommuting set of operators. T2 hanges K1 by
Ne and leaves the energy unhanged. Hene, eah en-
ergy eigenstate is q-fold degenerate and we hoose to
haraterize it by the smallest K1. Thus, the energy
eigenstates are haraterized by a two-dimensional ve-
tor Kα = 0, ..., Ns/q − 1 [15℄ [23℄.
At ν = 1/2, we obtained an exat mapping of the low
energy setor onto free neutral fermions (dipoles) for the
short range interation Vkm = V
∗
km with non-vanishing
elements V ∗21, V
∗
10 = 2V
∗
20 [10℄. The ground state is a
homogeneous one-dimensional Fermi sea of these neutral
dipoles and the exitations are gapless partile-hole ex-
itations out of this sea (when Ne → ∞). V
∗
km is a
good approximation to a real spae short-range repulsion
for L1 ∼ 5. A renormalization group argument showed
that the ground state develops into an interating Lut-
tinger liquid near V ∗km. Based on the similarity of the
obtained state to what is expeted for the bulk system
a homogeneous gapless ground state made out of free
neutral dipoleswe onjetured that this state develops
ontinuously, without a phase transition, to the bulk two-
dimensional state as L1 →∞.
To investigate this onjeture we have performed exat
diagonalization of up to Ne = 10 eletrons for various
L1 using an unsreened Coulomb interation. A typial
phase diagram is shown in Fig. 1. Independent of Ne,
we nd that the ground state is the TT state 01010101....
for 0 ≤ L1 . 5.3. At L1 ≈ 5.3 there is a sharp transition
to a state that we identify as the ground state of the
solvable model V ∗km by omparing the quantum numbers
and alulating the overlap. When L1 inreases further,
a series of transitions to new states ours. The number
and position of these transitions, whih are very smooth
ompared to the one at L1 ≈ 5.3, depend on Ne.
9.02   8.23 8.43  10.63
10101010....
0.993 0.996 0.995 0.998
L
5.26
(5,2) (6,4) (8,3) (0,0)
1
Figure 1: Phase diagram for ν = 1/2 obtained in exat di-
agonalization for 9 eletrons with Coulomb interation. For
L1 . 5.3 the state is 101010... as indiated, whereas for
L1 & 5.3 the number gives the overlap with the Rezayi-Read
state with the displayed Fermi sea of momenta ki; the vari-
ation of the overlap is small within eah region. The quan-
tum numbers (K1,K2) are shown below eah Fermi sea. (The
phase diagram is symmetri about L1 = L2 =
√
4piNe).
The bulk ν = 1/2 state is believed to be desribed by
the Rezayi-Read wave funtion [11℄, whih on the torus
takes the form [17℄
ΨRR = detij[e
iki·Rj ]Ψ 1
2
, (1)
where Rix = (2pi/L1)(xi − i∂yi), Riy = (2pi/L2)i∂xi , and
Ψ 1
2
is the bosoni Laughlin state at ν = 1/2. This wave
funtion depends on a set of momenta {ki}, whih de-
termine the onserved quantum numbers Kα =
∑
i kiα.
For eah ground state we obtained by exat diagonaliza-
tion for L1 & 5.3 and odd Ne ≤ 9 we found a hoie
of {ki} suh that the overlap between the ground state
and this Rezayi-Read state is lose to one [24℄. Moreover,
the Fermi sea of momenta {ki} develops in a system-
ati way from an elongated sea to a irular one as L1
inreases, as is shown in Fig. 1 for Ne = 9.
Our interpretation of this is that the state obtained
for V ∗km does indeed develop ontinuously into the bulk
state as L1 → ∞ without any phase transition. The
level rossings observed for L1 > 5.3 are to similar states.
Note that the bulk two-dimensional state is expeted to
be gapless, thus level rossings may our when the ther-
3modynami limit is taken. An interesting question on-
erns the dimensionality of the system. For L1 slightly
larger than 5.3 and L2 →∞ the system is a Luttinger liq-
uid, ie a one-dimensional gapless state. This is desribed
by the Rezayi-Read wave funtion with momenta form-
ing an elongated Fermi sea. When L1 inreases these
momenta hange graduallyonly one ki hanges at eah
level rossing as in Fig. 1. This strongly suggests that the
state remains gapless (for L1 nite, L2 → ∞), in whih
ase it should still be a Luttinger liquid. The question is
what happens when L1 → ∞. Does the state remain a
Luttinger liquid or does it beome a free two-dimensional
Fermi gas as the standard omposite fermion theory pre-
dits?
We now onsider general rational lling frations in
the lowest Landau level. When L1 → 0, the hopping
terms in the interation vanish exponentially and only the
eletrostati terms Vk0 remain [18℄. The eigenstates are
then states with xed harges. For a reasonable repulsive
interation suh as the Coulomb interation, the ground
state is a rystal, the TT state, that separates the harges
as muh as possible and there is a gap to exitations.
For example, for the Jain fration ν = p/(2pm+ 1), the
unit ell of the TT state is 102m(102m−1)p−1, in obvious
hemial notation, whereas for ν = 1/2m it is 102m−1.
For ν = 1/(2m + 1), the TT state is the limit of the
Laughlin state as mentioned above, whereas for ν = 1/2
it is the ground state for L1 . 5.3 [19℄, see Fig. 1.
Generalizing Rezayi and Haldane [13℄, we onsider
the L1 → 0 limit of the Jain state at lling fra-
tion ν = p/(2pm + 1). On the ylinder it takes the
form Ψ p
2pm+1
= PLLLΦpJ
2me−
∑
y2/2
, where PLLL de-
notes projetion onto the lowest Landau level, Φp is p
lled Landau levels and J is the Jastrow fator J =∏
i<j(e
2piizi/L1 − e2piizj/L1) [25℄. Expanding Ψ p
2pm+1
as
a power series in e2piizi/L1 and expressing the result
in terms of the single-partile wave funtions ψk =
pi−1/4L
−1/2
1 e
2piikz/L1e−y
2/2e−2pi
2k2/L21
one reads o the
states {k1, k2, ...kN} in the partile number basis on the
one-dimensional lattie and nds that they are multi-
plied by the fator e
∑
i
(2piki/L1)
2/2
. Ψ p
2pm+1
onsists of a
set of states, whih all have the same K1 =
∑
i ki, and
when L1 → 0 the omponent with largest
∑
i k
2
i dom-
inates. We nd that Ψ p
2pm+1
approahes the TT state
with unit ell 102m(102m−1)p−1. For example, the se-
quene of states that approahes ν = 1/2 from below
have unit ells: 100,10010,1001010,100101010,.... These
limits of the Jain states are idential to the states de-
termined by the eletrostati repulsion on the thin torus
above. Thus we onlude that the Jain states are the
ground states on a thin torus. It is only for the Laughlin
states with a short-range interation that it is established
that no phase transition ours as a funtion of L1 [13℄.
However, it seems likely that this is true for Jain states
as well. This is supported by exat diagonalization: We
have onsidered all ν = p/q ≤ 1 with q ≤ 11 and nd, for
Coulomb interation, a transition if and only if q is even.
At ν = p/(2p + 1), eletrostatis and hopping
ooperatethe TT ground state for small L1 minimizes
the eletrostati repulsion and is a very hoppable state
in the sense that V21 generates many states when at-
ing repeatedly on it. There is no phase transition as L1
grows. At ν = 1/2, on the other hand, the TT ground
state at small L1 is annihilated by V21. Eletrostatis
and hopping ompete, leading to a phase transition as
L1 grows.
The frational quantum Hall state has exitations with
frational harge. In the L1 → 0 limit, the quasihole
(quasieletron) at ν = p/(2pm+1) is reated by removing
(inserting) 102m−1 somewhere in the TT state with unit
ell 102m(102m−1)p−1 [26℄. These quasipartile states,
whih an be interpreted as domain walls separating de-
generate ground states, are the L1 → 0 limits of those
obtained by moving a omposite fermion from a lled to
an empty Landau level [3℄. The harge of the exitations
an be read o diretly in the L1 → 0 limit using Shri-
eer's ounting argument [20℄: Removing 2pm+1 widely
separated 102m−1 and adding 2m unit ells to keep the
number of sites unhanged reates 2pm + 1 quasiholes,
eah with harge e∗ = e((2pm+ 1)− 2mp)/(2pm+ 1) =
e/(2pm+ 1).
We onlude that the TT states at small L1 are lim-
its of quantum Hall states for all the Jain frations
and suggest that this is the ase also for more gen-
eral gapped quantum Hall states. An example of suh
are the reently observed minima in Rxx at frations
ν = 5/13, 3/8, 4/11, 6/17 in the interval [1/3, 2/5] [21℄.
The L1 → 0 ground state unit ells at these frations
are (102)21010210 and 10(102)p−1, p = 3, 4, 6. For 3/8
we nd transitions as L1 inreases, whereas no transition
is found for 4/11, indiating that the former is gapless
while the latter is gapped.
We now show that an eetive Landau level struture
emerges within the lowest Landau level on the torus as
a onsequene of symmetry. Consider lling fator ν =
p/(2pm+1) with Ne = pN eletrons. N is the number of
unit ells in the TT ground state when L1 → 0. Imagine
reating a quasieletron by inserting 102m−1 somewhere
in the TT state. There are N degenerate orthogonal
quasieletron states, ie one per unit ell [27℄. At the new
lling fator ν = (pN+1)/((2pm+1)N+2m), the enter
of mass degeneray of any state is (2pm+1)N +2m [15℄;
subtrating the number of added sites 2m and dividing by
the ground state degeneray 2pm+1, gives the number of
degenerate quasieletron states N . Thus the degeneray
of the quasieletron state is a onsequene of symmetry
and hene holds for any L1provided the quasieletron
is reated by adding 2m sites and one eletron.
The N = Ne/p degenerate quasieletron states at
ν = p/(2pm + 1), form, in omposite fermion language,
the p+1:st omposite fermion Landau level. Filling this,
by adding N quasieletrons, gives ν = (pN+N)/((2pm+
1)N + 2mN) = (p + 1)/(2(p + 1)m + 1), ie the next
state in the Jain hierarhy. Hene this state an be in-
terpreted as onsisting of p + 1 lled omposite fermion
4Landau levelsif the p = 1 state is interpreted as a lled
Landau level of 102m, ie of eletrons bound to 2m holes.
Note however, that the proess of suessively reating
quasieletrons by inserting 102m−1 also makes expliit,
on the thin torus, the original hierarhy onstrution due
to Haldane and Halperin [22℄. Starting from the Laughlin
state at ν = 1/(2m + 1) with unit ell 102m, this even-
tually reates the ν = 2/(4m + 1) state with unit ell
102m102m−1. Continuing the proess of inserting 102m−1
one suessively obtains all the states ν = p/(2pm+ 1).
Whereas the operation of inserting 102m−1 is unique and
well-dened through this proess, its interpretation de-
pends on p: near ν = p/(2pm + 1) it orresponds to
reating a quasieletron with harge −e/(2pm+ 1).
We have investigated a one-dimensional theory for the
lowest Landau level and derived an emergent Landau
level struture from symmetry. The theory has a di-
mensionless parameter L1, and the two-dimensional bulk
quantum Hall system is obtained when L1 →∞. A one-
dimensional formulation is natural, and in a sense obvi-
ous, sine a single Landau level is a one-dimensional sys-
tem. What is non-trivial is that a one-dimensional lattie
model with short-range interation is useful. As L1 → 0,
the ground state at lling fator ν = p/q is a gapped rys-
tal, the TT state, determined by eletrostatis alone. We
have argued that for the Jain lling fators, and presum-
ably also for more general odd q states, these TT states
develop ontinuously to the quantum Hall states when
L1 → ∞. For ν = 1/2, we found a phase transition to a
Luttinger liquid of neutral dipoles (omposite fermions)
for small L1 and showed that this state develops on-
tinuously to the metalli state as L1 → ∞. At other
lling frations, and also depending on the interation,
transitions to other states may our.
We thank Thors Hans Hansson for numerous valuable
disussions. This work was supported by the Swedish
Researh Counil and by NordForsk.
[1℄ R.B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983); R.B. Laugh-
lin in The Quantum Hall Eet, eds. R.E. Prange, and S.M.
Girvin, (Springer-Verlag, New York, 1990).
[2℄ J.K. Jain, Phys. Rev. Lett. 63, 199 (1989).
[3℄ For reviews, see, J.K. Jain in Perspetives in Quantum Hall
Eets, eds. S. Das Sarma, and A. Pinzuk, (John Wiley &
Sons, New York, 1996); J.K. Jain, and R.K. Kamilla, in Com-
posite Fermions, ed. O. Heinonen, (World Sienti, Singa-
pore, 1998) and other artiles therein.
[4℄ S-C. Zhang, T.H. Hansson, and S.A. Kivelson, Phys. Rev.
Lett. 62, 82 (1988); N. Read, Phys. Rev. Lett. 62, 86 (1988);
A. Lopez, and E. Fradkin, Phys. Rev. B 44, 5246 (1991); ibid.
47, 7080 (1993).
[5℄ B.I. Halperin, P.A. Lee, and N. Read, Phys. Rev. B 47, 7312
(1993); see also V. Kalmeyer, and S.-C. Zhang, Phys. Rev. B
46, R9889 (1992).
[6℄ R.L. Willett, M.A. Paalanen, R.R. Ruel, K.W. West, L.N.
Pfeier, and D.J. Bishop, Phys. Rev. Lett. 65, 112 (1990).
[7℄ W. Kang, H.L. Störmer, L.N. Pfeier, K.W. Baldwin, and
K.W. West, Phys. Rev. Lett. 71, 3850 (1993); V.J. Goldman,
B. Su, and J.K. Jain, Phys. Rev. Lett. 72, 2065 (1994); J.H.
Smet, D. Weiss, R.H. Blik, G. Lütjering, K. von Klitzing,
R. Fleishmann, R. Ketzmerik, T. Geisel, and G. Weimann,
Phys. Rev. Lett. 77, 2272 (1996).
[8℄ G. Murthy, and R. Shankar, in Composite Fermions, ed. O.
Heinonen, (World Sienti, Singapore, 1998) and Rev. Mod.
Phys. 75, 1101 (2003); D.-H. Lee, Phys. Rev. Lett. 80, 4745
(1998), 82, 2416(E) (1999); N. Read, Phys. Rev. B 58, 16262
(1998); V. Pasquier, and F.D.M. Haldane, Nulear Physis B
516, 719 (1998).
[9℄ For a ritial review, see M.I. Dyakonov, in Reent Trends in
Theory of Physial Phenomena in High Magneti Fields, eds.
I.D. Vagner, P. Wyder, and T. Maniv, (Kluwer, 2003).
[10℄ E.J. Bergholtz, and A. Karlhede, Phys. Rev. Lett. 94, 26802
(2005).
[11℄ E.H. Rezayi, and N. Read, Phys. Rev. Lett. 72, 900 (1994).
[12℄ R. Tao, and D.J. Thouless, Phys. Rev. B 28, 1142 (1983).
[13℄ E.H. Rezayi, and F.D.M. Haldane, Phys. Rev. B 50, 17199
(1994).
[14℄ P.K. Lam, and S.M. Girvin, Phys. Rev. B 30, 473 (1984).
[15℄ F.D.M. Haldane, Phys. Rev. Lett. 55, 2095 (1985).
[16℄ F.D.M. Haldane, and E.H. Rezayi, Phys. Rev. B 31, R2529
(1985).
[17℄ E.H. Rezayi, and F.D.M. Haldane, Phys. Rev. Lett. 84, 4685
(2000).
[18℄ E. Westerberg, and T.H. Hansson, Phys. Rev. B 47, 16544
(1993).
[19℄ S.T. Chui, Phys. Rev. Lett. 56, 2395 (1986).
[20℄ W.P. Su, and J.R. Shrieer, Phys. Rev. Lett. 46, 738 (1981).
[21℄ W. Pan, H.L. Stormer, D.C. Tsui, L.N. Pfeier, K.W. Bald-
win, and K.W. West, Phys. Rev. Lett. 90, 016801 (2003).
[22℄ F.D.M. Haldane, Phys. Rev. Lett. 51, 605 (1983); B.I.
Halperin, Phys. Rev. Lett. 52, 1583, 2390(E) (1984).
[23℄ Kα is in one to one orrespondene with kα in Ref. [15℄;
kα haraterizes the relative motion of the eletrons.
[24℄ For even Ne, the ground state is a linear ombination of
two Rezayi-Read states with diferent sets of {ki}.
[25℄ In the following, we do not impose periodiity in the y-
diretion, this makes no dierene when L2 →∞.
[26℄ For p = 1, a quasihole is reated by inserting a zero sine
the unit ell is 102m = 102m−10an operation that is
losely related to Laughlin's original reation of a quasi-
hole by inserting a ux quantum [1℄.
[27℄ Here we assume that at least one eletron is kept xed
relative to the ground state, this divides out the 2pm+1-
fold ground state degeneray.
